FEM simulations are a standard step in the design of accelerator magnets. It is custom for accelerator applications to characterize the field quality in terms of field expansion coefficients. With a commonly accepted approach, expansion coefficients are calculated by means of a Fourier transform of the local FEM solution at points on an arc. The accuracy of the coefficients calculated this way depends strongly on the FEM mesh configuration and simple refinement of the mesh does not always improve accuracy. The accuracy of the expansion coefficients calculation can be improved by using the data on the magnetization of elements in the magnet yoke, obtained in the solution, instead of using directly the local solution. Since currents and the yoke magnetization are the only sources of the field, with these data the field expansion coefficients can be calculated at any remote point. We derive closed forms for calculating expansion coefficients and implemented these results in the ANSYS® add-on. Results for a case study are presented, which demonstrate that expansion coefficients can be calculated with good accuracy even for a rather coarse mesh.
I. INTRODUCTION
OR most practical purposes, the magnetic field analysis for accelerator applications can be reduced to a twodimensional problem and the field can be represented by the power series expansion
Here B x and B y are components of the magnetic flux density, = + and is a reference radius. The complex expansion coefficients = + in commonly accepted jargon are called "multipoles" or "harmonics".
Representation of the field in the form of a power series is possible because, to satisfy Maxwell's equations, the field ( ) must be an analytic function. Maxwell pointed out the close relationship between the theory of functions of a complex variable and the Laplace equation in two dimensions in chapter XII of his famous work [1] , and called methods of the theory of functions of a complex variable, applied for solving 2D problems of electro-and magnetostatics, much more powerful than any known method applicable in three dimensions.
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Strictly speaking, the representation of the complex field rather than the potential, in the form B y + iB x , rather than B x + iB y which makes ( ) an analytic function, is not explicitly present in Maxwell's fundamental work; apparently, it appeared much later in Richard A. Beth's works [2] . References to earlier works can be found there as well.
An analytic function is representable by its Taylor series:
which converges to ( ) in some neighborhood for every 0 in the domain. Thus, (1) is a particular representation of the Taylor series for ( ) with 0 = 0 and
Neither the reference radius has a physical meaning nor is it related to the radius of convergence. It can be chosen arbitrarily. Usually, it is chosen to be close to the size of the magnet aperture used by the beam, so that the multipole value gives a measure of the influence of the (n -1)th derivative of the field on the beam dynamics.
II. MULTIPOLES DUE TO DISTRIBUTED CURRENT
AND MAGNETIZATION DENSITY It can be shown that the current density distribution j(x, y) generates a field with the multipoles
and the magnetization density distribution m(x, y) = m x + i m y generates a field with the multipoles
Consider the case of a triangular area with vertices located at z 0 , z 1 , z 2 , with a current density linearly dependent on x and y. It is sufficient to consider the case of a current density equal to j 0 at z 0 and zero at other vertices, since a general case can be obtained as the sum of three terms, each with current density equal to j k in k-th vertex and zero at the others.
To make the following expressions less cumbersome, we introduce the variables p k = 1 z k and denote the triangle area as S. With these notations, multipoles can be written in the form
F For dipole, quadrupole and sextupole coefficients the corresponding functions G n can be derived as
In (7)-(9) , the main branch of the complex logarithm should be used in the calculations.
For higher order multipoles, n > 3, logarithms drop out of the expressions and the functions G n can be derived as
where the sum should be taken over all different combinations of j, k and l.
In a similar setup for the magnetization density linearly dependent on x and y, when the magnetization density is equal to m 0 at z 0 and zero at other vertices, the multipoles are equal to
Since any polygonal area can be divided into triangular subdomains, the calculation of integrals over a triangular region is of practical importance.
Integrals (4), (5) can also be calculated exactly for some other cases, but these results have not yet been implemented and tested with any of the popular FEM packages, thus we do not present them here.
III. IMPLEMENTATION IN ANSYS
To verify the mathematical results obtained, ANSYS [3] had been selected because: a) the license is available to the author; b) the package has the multiphysics capabilities, which allow to account for the multipole calculation deformation due to forces and thermal contraction; c) ANSYS allows access to the database at a low level; and d) the customization procedure is sufficiently well documented.
The multipole calculation is implemented as an external command, named HRMCALC, ANSYS itself is not altered. From the ANSYS nodal solution, the magnetic flux density and field are used to calculate the magnetization at the nodes of the elements for which the μ r or BH curve is defined. Also, the nodal current density is read out for elements with current density defined. For both sets of elements, nodal displacements are taken into account while calculating multipoles.
The developed program code was compiled as a DLL with Intel Visual Fortran Composer XE 2011 and 2015, and tested with ANSYS 12.0 and 19.0; both versions yield the same result.
The current code version uses only mathematics for triangular areas; quadrangular elements are decomposed into triangles. If the yoke is meshed with quadrangles, this leads to additional errors, albeit very small.
IV. CASE STUDY
As a case study we present here the calculation of multipoles due to eddy currents in the vacuum chamber of SIS100 dipole magnet, which has ramp rate of up to 4 T s. Since the eddy currents in the chamber are almost constant during the ramp, unless the chamber is heated above 50 K, which should never happen, they are most relevant at the beginning, when the main field is minimal and the magnet yoke is far from saturation. In that case, the contribution of eddy currents can be considered independently of the main field. That is, in order to calculate their contribution to field, eddy currents can be calculated analytically from the ramp rate and parameters of the chamber and considered as the only excitation of the magnet.
As the yoke is far from saturation, reference values of multipoles due to eddy currents in the chamber were obtained semi-analytically, using the images method. Then results of the HRMCALC command for different mesh densities were compared to the reference values, see TABLE I. A screenshot of the ANSYS model used is shown in Fig. 1 . V. DISCUSSION AND CONCLUSION Commonly, the multipoles of an accelerator magnet in a FEM simulation are calculated by means of a Fourier transform of the field values obtained from the nodal solution on an arc. This requires one to adapt the mesh; the accuracy of the coefficients calculated this way depends strongly on the FEM mesh configuration and simple refinement of the mesh does not always improve accuracy. In some cases, it can be tricky, for example, when the magnet aperture is much smaller, than the dimensions of the coil and yoke.
We derive closed forms for calculating multipoles without using the local FEM solution in the aperture and implemented these results in the ANSYS® add-on. The proposed method of multipoles calculation does not require one to adapt the model for the task, it is suitable for multiphysics simulations, and demonstrates very good stability of results in a wide mesh density range.
The author is ready to provide the ANSYS add-on for accurate calculation of multipoles along with detailed instructions for installing and using the code for those who want to try it.
APPENDIX: ~HRMCALC, ANSYS EXTERNAL COMMAND TO CALCULATE COMPLEX FIELD EXPANSION COEFFICIENTS

A. Input Parameters
The external ANSYS command ~HRMCALC calculates the complex field expansion coefficients for 2D magnetic or magneto-structural problems, accounting for the contribution of elements with the current density defined and elements with non-zero magnetization separately. It does not accept any command line arguments, but is controlled by several variables, which may be set in the ADPL script to desired values before issuing the command.
HARM_OUT is the number of multipoles to calculate. By default, 15 multipoles, from dipole to 30-pole, will be calculated. REF_RAD is the reference radius. REF_RAD = 1[length] in the current unit system by default. MU_ZERO is the free space permeability. The MKS system is assumed by default, where _ = 4 × 10 −7 ⁄ . X_C_OUT, Y_C_OUT define the origin of the Cartesian coordinate system, parallel to the global the Cartesian coordinate system, where harmonics will be calculated. By default, X_C_OUT, Y_C_OUT = 0[length] in the current unit system, i.e. harmonics will be calculated at the global Cartesian coordinate system origin.
OFF_STAT controls the printout of the ~HRMCALC command. If OFF_STAT is not set, or assigned to a value ≤ 0, then the calculation results along with additional information (number of elements with defined current density and magnetization, status of control variables) will be streamed to the APDL output window (by default) or to a file, if specified by the APDL /OUTPUT command. If _ > 0, the printout is suppressed.
OFF_DISP: if this variable is set to a positive value, then ~HRMCALC calculates harmonics, ignoring displacements (caused by mechanical loads) of elements. This switch is introduced in order to easily assess the importance of the magnet's deformation without needing to solve the model again. X_SYMM, Y_SYMM define the symmetry of the problem relatively lines x = 0 and y = 0 (in the global Cartesian system). By default, it is assumed that the model is complete, i.e. it represents the entire magnet. If _ ≠ 0, then it is assumed that every element has a mirror image with respect to the line x = 0. If _ > 0, then signs of current and magnetization in mirrored elements are chosen so that the magnetic flux is normal to the line x = 0, and if _ < 0, so that the flux is parallel to the line x = 0. Similarly, if _ > 0, the flux is normal to the line y = 0, and if _ < 0, the flux is parallel to the line y = 0. Certainly, the corresponding boundary conditions must be also applied in the ANSYS model. Examples for X_SYMM, Y_SYMM settings for one-quarter and one-half inputs of a dipole magnet are shown in Fig. 2 .
B. Output Parameters
~HRMCALC places results of the calculation in two APDL arrays: CURR_HRM (multipoles, induced by elements with nonzero current density) and MAGN_HRM (multipoles, induced by elements with nonzero magnetization). Both arrays have the dimensions [HARM_OUT, 2]. The first index in the arrays is the harmonic number (1 -dipole, 2 -quadrupole, etc.), second index has the following meaning: 1 -real ("normal") part of the harmonic, 2 -imaginary ("skew") part. For instance, the element CURR_HRM (2, 2) gives the value of skew quadrupole for the field induced by currents, and the sum CURR_HRM(3,1) + MAGN_HRM (3, 1) yields the value of normal sextupole for the whole field. To learn more about arrays in APDL, read the ANSYS help on the *DIM command.
C. Restrictions and Tips
Present version of ~HRMCALC cannot treat directly incomplete models with symmetry lines other than x = 0 and y = 0. In particular, it does not include special switches for multipole symmetries. However, the present version can be used for an accurate calculation of multipoles in simulations of higher order magnets with an incomplete model, if you follow certain recipes when building the model.
• Make the ANSYS input for the smallest non-symmetrical sector of the magnet, that is, the 45° sector for a quadrupole, the 30° sector for a sextupole, 22.5° for an octupole, etc. The sector vertex must be located at the global coor- dinate system origin and one of its boundaries must coincide with the line x = 0 or y = 0. An example of the quadrupole magnet input, made in accordance with the above recipes, is shown in Fig. 3 .
After running the simulation, ~HRMCALC will calculate harmonics of the field, which are induced by the "doubled" model, completed with the mirror image of actual input relatively to the line for which X_SYMM or Y_SYMM is set. This "doubled" model represents one sector of a 2N-pole magnet, with direct and return currents and correct boundary conditions for calculating the magnetization in the yoke.
In a complete 2N-pole magnet, only multipoles (2k + 1) N, where k is a non-negative integer, are allowed by symmetry. The field of one sector of the magnet may contain, in general, all multipoles, the strength of allowed ones is weaker by the factor 2N. Therefore, in order to obtain harmonics for the whole 2N-pole magnet, allowed elements of the arrays CURR_HRM and MAGN_HRM must be multiplied by 2N (4 for a quadrupole magnet, 6 for a sextupole magnet, etc.) and non-allowed ones should be assigned to zero.
D. General Remarks
~HRMCALC works especially well, providing high precision, when the iron yoke is located relatively far from the magnet coil and the field is mostly shaped by conductors, which is typical for high field superconductor magnets. If the field is mostly shaped by the yoke, check results, solving the problem with various mesh configurations.
